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Glassy dynamics of protein folding
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A coarse-grained model of a random polypeptide chain, with only discrete torsional degrees of freedom and
Hookean springs connecting pairs of hydrophobic residues is shown to display stretched exponential relaxation
under Metropolis dynamics at low temperatures with the expofent/4, in agreement with the best experi-
mental results. The time dependent correlation functions for fluctuations about the native state, computed in the
Gaussian approximation for real proteins, have also been found to have the same functional form. Our results
indicate that the energy landscape exhibits universal features over a very large range of energies and is
relatively independent of the specific dynamics.

PACS numbgs): 87.17.Aa, 05.70.Ln, 64.70.Pf, 82.20.Rp

A huge amount of effort has recently been invested inthe growth of the restoring force with the distance, once the
modeling the interactions responsible for yielding the nativehydrophobic instability has set in. However, due to the ab-
states of proteins as their thermodynamic equilibrium stat@ence of any cutoff in the range of the effective interaction,
[1,2). It has recently begun to be appreciated that such feghe initial stages of the dynamics may well be unrealistic and
tures of real proteins as the density of vibrational energyghould be regarded with caution. Finally, the constraints
states[3] may be reproduced by coarse-grained modeplaced on the co_nfprmatlons due tp the r|g|q chemical bond
Hamiltonians that capture the essential mechanism drivindgngths and restriction of the chemical and dihedral angles to
the folding process, namely, hydrophobic interactifsisd]. dlscretg values prevent the molecule from disintegrating or
In this paper we introduce and study a modeNo€oupled, ~ collapsing to a point. _ o
overdamped torsional degrees of freedom with discrete al- It is known that real proteins are distinguished HyP
lowed states. Under Metropolis Monte Carlo dynamics, withSe€duences that lead to unique ground states while a randomly
random initial conditions, we find that at low temperatures
the model exhibits power law relaxation for the initial stages
of decay, and at the later stages the relaxation obeys a
stretched exponential with the exponght 1/4. This type of
relaxation behavior is of the Kohlrausch-Williams-Watts
type as observed experimentally for real protdihd0-12. e \
We find that at zero temperature the probability distribution &=
function of the energy steps encountered along a relaxation
path in phase space also obeys a stretched exponential form,
with another exponentv=0.39. We show thaiB8=a/(«
+1), yielding a value forg, which is in very good agree-
ment with our simulation results.

We take as our point of departure the model proposed by
Haliloglu, Bahar, and Ermaf6]. The central idea of this
model is that all interactions in the protein are governed by
confining square-law potentials, so all attractions may be
treated as if the residues interact with each other through
Hookean forced6—8]. This feature mimicks the effective
pressure that is exerted on the hydrophobic residues of a
randomly coiled molecule by the ambient water molecules.

To keep our model very simple, we consider covalent
bonds as fixed rods of equal length. The residues located at
the vertices may be pold® or hydrophobicH. All the hy-
drophobic vertices are to be connected to each other with
springs of equal stiffness. This results in their being driven to
the relatively less exposed center of the molecule in the low

lying energy states, whereas the polar residues are closer to FiG. 1. Chain ofN=48 residues, half of which are randomly
the surface(see Fig. 1, a feature that is common to the chosen to be hydrophobi¢garker beadsshown (a) in a random
native configurations. Since the square law potential is amitial configuration and(b) in a folded state reached under Me-
effective attraction induced by hydrophobic interactions withtropolis dynamics. The chain has folded in such a way as to leave
the surrounding water molecules, there is no contradiction ihe polar residues on the outsid&enerated using RasMol V2)6.
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chosenH-P sequence will typically give rise to a highly 3
degenerate ground state. Nevertheless, in our Monte Carlo
study we considered a genetit-P sequence obtained by
choosing 50% of the residues to be hydrophobic and distrib-
uting them randomly along the chain. In the absence of de-
tailed knowledge regarding the rules singling out the realistic
H-P sequences we believed this to be in keeping with our
statistical approach. It might be speculated that the choice of
equal probabilities for encounterintg and P groups along
the chain, and distributing them randomly, maximizes the
configurational entropy of the chaji3] and enhances the .
“designability,” giving rise to rather realistic results. a3l : : : : -4
Our model for the protein chain consistsif‘residues” Y 2 4 6 8 10
which are treated as point vertices, connected to each other Int

by rigid rods. '_I'he_ bond angle Of‘ at Fhe ith Veortex,l FIG. 2. Decay with tim€in MC step$ of the energyin units of
=1,...N-1, is fixed to be €1)a, with «=68°. The K/(bond lengthj] of an N=100 chain from a random initial con-
dihedral anglesp; can take on the Vall_JeS O_f 0 ar:’.d21-r/3._ figuration, along a zero temperature Metropolis trajectory, of 10 000
The state(conformation of the system is uniquely specified gieps  averaged over 20 runs. The late stages fit on a stretched
once the numbergg;} are given. Thus, the residues effec- exponential curves(t) ~exp(~tf) with 8=0.234+0.003. The ini-

In[-In(g)]

tively reside on the vertices of a tetrahedral lattice. tial stage(insed is fit by a power lawe(t)~t~ ¢ with o=0.49
The energy of the molecule is +0.01.
_n Cp_rl2— op. tions at zero temperatureyE& ) are shown in Fig. 2. De-
E 2 .Z, ijlri=rjl K.E, Vil - @ fining e=(E—Ey)/E,, where E, is the (time-averaged

equilibrium energy and, the initial value, we find that it
If we defineQ;=1 for theith vertex being occupied by a obeys a power lave(t)~t~ 7, with 0=0.49+0.01 for the
hydrophobic residue, an®;=0 otherwise, we may write initial stages of the decay, while later stages can be fitted by

¢ ;=QiQ; and a stretched exponentia{(t)~e ', with 8=0.234+0.003.
We also performed simulations for different valuesyoffor

Vij=[(Nu=1)Cii=Ci j-1=Cij+1]6i chains ofN=48, averaging over 100 runs with random ini-
—(1=8,) (L= 81— 8 +1)Ci - (2) tial configurations(see Fig. 3 For y—, y=0.5, andy

=0.3, the above relaxation behavior continues to hold and

The position vectors; of each of the vertices in the chain the exponents do not seem to dependyomith g=1/4 and

can be expressed in terms of a sum over the dire®pif ~ =1/2, as given in Table I. S .
unit length representing the chemical bonds, which may be The variation of the total energy in time is sketched in
obtained fromR,; by successive rotationdl,(a,) and Fig. 4 overa short sequence of relaxation events. Clearly one
Tw(¢y) through the bond and the dihedral angl&d], may write E(t), averaged over many independent runs, as
(E(t))=(E(0)—=M AE;0®(t—t;)) where® is the Heavy-
side step function ant==|_{ 7. Taking the time deriva-

2
ri:jgl kl;[] Ti(PIM (@) Ry, (3 tive one gets

=

3

where we may choosR; along any Cartesian direction in
our laboratory frame without loss of generality.

In order to investigate the relaxation properties of the
present model, we have employed Metropolis Monte Carlo
dynamics. This consisted df) choosing a pairi(i’) of
dihedral angles randomly on the chain, and incrementing the

2_

14

In[-In(g)]
=)

(i, ¢i+) in opposite directions by ¢= *+27/3, (b) accept- g

ing the move with unit probability iIAE<O0 and with prob- 14 > f ; 2
ability p=exp(—yAE) for AE>0, (c) checking for an alter- ’ _sg
native path by repeating the second step once, before 2 o
returning to the first step. Omission of this repeated trial "%
would only change the scale of which serves as an effec- -3 -u

tive temperature. Since the system is strongly dissipative,
strict (angulaj momentum conservation is not crucial here.
We monitor the relaxation of the total energy as a function of i, 3. Decay of the energy of ak=48 chain, along a Me-
“time” measured in the number of MC stepis.e., the num-  yopolis trajectory, from a random initial configuration averaged
ber of pairs {,i") sampled until a steady state is reached, over 100 runs fory=0.3. The initial stagginse is fit by a power
typically in about 10000 steps. The results for chaindNof law e(t)~t~¢ with ¢=0.57+0.01, and the late stage to a stretched
=100 averaged over 20 randomly chosen initial configuraexponential with3=0.25+0.03.

Inz
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TABLE I. The exponentr and 8 found for the power law and 25
stretched exponential decay of the total energy with time, for dif-
ferent chain length®N and inverse temperatures The fits were
obtained from a weighted least-squares computation.

3
N Yy o Ao B Ap \é
48 e 0.57 0.01 0.281 0.004 T
0.5 0.56 0.01 0.30 0.04 =
0.3 0.57 0.01 0.25 0.03
100 © 0.49 0.01 0.234 0.003
0 1
5 6 7 8 9 10

k=0 FIG. 5. Distribution of energy differences encountered along the
relaxation path are fit to a stretched exponential. Level spacing
histograms were formed for chainsf=48 and averaged over 100
runs for the zero-temperature Metropolis relaxation. The exponent
a of the stretched exponential is found to be G:3R02.

_ M i—1 In(AE)
<E(t)>:<_iElAEi5(t_2 Tk)>- (4)

At zero temperature, the expectation valueEgt) can be

calculated by carrying out an integration over the distibution
of waiting times{r}, and the distribution of energy steps
encountered along the relaxation path. The expectation -1 j-1

: M
value,(E(t)) is then, <'E(t)>:2i 21 <AE1/21 kl_Io (#“_kﬂ) eM> _
= /= = k— M/
’ AE

M i—1
(E(t))=—<21 AEja(t—kZO rk)> NG 0
: AR We may argue that the larger the energy loss in a relaxation
The distribut f waiting ti is d d | event, the longer it will take for the phase point to make a
€ .'St” gt|on 0 wamng timesy Is depen .ent only 0N - transition out of this state. Singe, is roughly the expecta-
the configuration of the chain at ttkéh step and independent tion for 7, we assume that,~ L/AE, . With the assump-

of the_ previous wal_tmg times. Sln_ce the Qynamlcs_ IS JUStinn that the energy steps encountered along a relaxation path
changing a pair of dihedral angles in opposite directions, for,

. . . .—are independently distributed, i.e.P(AE;...AEy)
each conformatiof¢;} one may define an associated chain _ :
of N(N—1)/2 sites, with each site corresponding to a pair lls-1P(AE) for a process oM steps, one finds,
(i,i") on the original chain. On the associated chain, a site 1 M ji—1
will be assigned the value 1 if the corresponding pair has at (E(t))=—— > (AE)) >t (8)
- 20 j AN
least one “allowed” move, and the value 0 if both moves are mi=1 /=1
“blocked.” Now the probabilities of encountering allowed )
or blocked moves as one implements the Metropolis dynamwherel; (t) is
ics outlined above are simply given by the density of 1's or .
0's on the associated chain at a given relaxation step, IJW/(UEJ d(AE,)e WAEAP(AE )
namely,p, andq,=1—py. Therefore, in thékth conforma- 0
tion, the probability of making a transition aftef blocked

moves simply obeys the first passage time distribufis], «

. 9

Jﬁl < AE, >
k=0 \AE,—AEy AE,
P(md)=pme “7%,  me=|Ingy. (6) k2
N o ) . We have determined from our simulations that the distribu-
Writing the & function in Eq.(5) in the Fourier representa- tjgn P(AE,) (see Fig. 5also has the stretched exponential

tion and performing the-integrals we get form P(AE,)=P,e (*EAN". The angular brackets then take
the form
E(®

AE/fm(AE/—AEk)‘lexp[—(AEk)“]dAEk (10)
0

_| AE .

i ! which we approximate bAE, exd —(AE,)“]. The integra-
tion in Eq. (9) is then straightforward, leading, upon substi-
tution in Eq.(8), to

Vo1
j j+l t E(t)NtE:L ]J_) exp(— ajtﬁ), (11
i=

FIG. 4. Schematic plot of the variation of the total energy with
time. wherea;=j(1—a)(aj) #(1+pB) ' and
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a commonly found for spin-glass¢&1], namely 1/3. It should
B= atl’ (12 also be noted that glassy behavior is obtained here in the

absence of quenched randomness, or of frustration arising
Substituting the value ok we find from our simulations, from steric hindrances, which we do not take into account.

namely,a=0.39+0.02, we ge{3=0.28+0.01, which is the Comparing the relaxation behavior near the native state
result we obtained from the fits to the MC simulations within with the behavior we observe at relatively high energies for
our error bounds. random heteropolymers, we conclude that the relaxation be-

A study of the correlations between fluctuations about thehavior, and therefore the dynamics and the structure of the
native statg16] for the Beads-and-Springs model, with the energy landscape, are universal over a very large range of
H-P sequence and the contact map for the native states f@hergies, and are relatively independent of the specific se-
seven real proteinSGIyZ, 1cd8, 1bet, 1fil, 1bab, 1C5q, and guence or the details of the dynamics_
lhiv) was performed by Ermafil7]. Using the Gaussian o )
approximation{ 18] to the coherent scattering function and a  We are grateful to Burak Erman for motivating this work
normal mode analysif5,6,19,2Q, he also finds a stretched and for the close interest he has shown in every stage of its
exponential relaxation witf=1/4. Experiments on real pro- Progress and to Mustansir Barma for a useful discussion.
teins and polymerfl,10—17 yield 0.2<3<0.4. Our results One of us(A.E.) acknowledges partial support by the Turk-
seem to be closer to 1/4 and smaller than the value mossh Academy of Sciences.
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