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Glassy dynamics of protein folding
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A coarse-grained model of a random polypeptide chain, with only discrete torsional degrees of freedom and
Hookean springs connecting pairs of hydrophobic residues is shown to display stretched exponential relaxation
under Metropolis dynamics at low temperatures with the exponentb.1/4, in agreement with the best experi-
mental results. The time dependent correlation functions for fluctuations about the native state, computed in the
Gaussian approximation for real proteins, have also been found to have the same functional form. Our results
indicate that the energy landscape exhibits universal features over a very large range of energies and is
relatively independent of the specific dynamics.

PACS number~s!: 87.17.Aa, 05.70.Ln, 64.70.Pf, 82.20.Rp
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A huge amount of effort has recently been invested
modeling the interactions responsible for yielding the nat
states of proteins as their thermodynamic equilibrium s
@1,2#. It has recently begun to be appreciated that such
tures of real proteins as the density of vibrational ene
states @3# may be reproduced by coarse-grained mo
Hamiltonians that capture the essential mechanism driv
the folding process, namely, hydrophobic interactions@3–9#.
In this paper we introduce and study a model ofN coupled,
overdamped torsional degrees of freedom with discrete
lowed states. Under Metropolis Monte Carlo dynamics, w
random initial conditions, we find that at low temperatur
the model exhibits power law relaxation for the initial stag
of decay, and at the later stages the relaxation obey
stretched exponential with the exponentb.1/4. This type of
relaxation behavior is of the Kohlrausch-Williams-Wa
type as observed experimentally for real proteins@1,10–12#.
We find that at zero temperature the probability distribut
function of the energy steps encountered along a relaxa
path in phase space also obeys a stretched exponential
with another exponenta.0.39. We show thatb5a/(a
11), yielding a value forb, which is in very good agree
ment with our simulation results.

We take as our point of departure the model proposed
Haliloğlu, Bahar, and Erman@6#. The central idea of this
model is that all interactions in the protein are governed
confining square-law potentials, so all attractions may
treated as if the residues interact with each other thro
Hookean forces@6–8#. This feature mimicks the effective
pressure that is exerted on the hydrophobic residues
randomly coiled molecule by the ambient water molecule

To keep our model very simple, we consider covale
bonds as fixed rods of equal length. The residues locate
the vertices may be polarP or hydrophobicH. All the hy-
drophobic vertices are to be connected to each other
springs of equal stiffness. This results in their being driven
the relatively less exposed center of the molecule in the
lying energy states, whereas the polar residues are clos
the surface~see Fig. 1!, a feature that is common to th
native configurations. Since the square law potential is
effective attraction induced by hydrophobic interactions w
the surrounding water molecules, there is no contradictio
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the growth of the restoring force with the distance, once
hydrophobic instability has set in. However, due to the a
sence of any cutoff in the range of the effective interactio
the initial stages of the dynamics may well be unrealistic a
should be regarded with caution. Finally, the constrai
placed on the conformations due to the rigid chemical bo
lengths and restriction of the chemical and dihedral angle
discrete values prevent the molecule from disintegrating
collapsing to a point.

It is known that real proteins are distinguished byH-P
sequences that lead to unique ground states while a rand

FIG. 1. Chain ofN548 residues, half of which are randoml
chosen to be hydrophobic,~darker beads! shown ~a! in a random
initial configuration and~b! in a folded state reached under Me
tropolis dynamics. The chain has folded in such a way as to le
the polar residues on the outside.~Generated using RasMol V2.6.!
R1040 ©2000 The American Physical Society
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chosenH-P sequence will typically give rise to a highl
degenerate ground state. Nevertheless, in our Monte C
study we considered a genericH-P sequence obtained b
choosing 50% of the residues to be hydrophobic and dist
uting them randomly along the chain. In the absence of
tailed knowledge regarding the rules singling out the reali
H-P sequences we believed this to be in keeping with
statistical approach. It might be speculated that the choic
equal probabilities for encounteringH and P groups along
the chain, and distributing them randomly, maximizes
configurational entropy of the chain@13# and enhances th
‘‘designability,’’ giving rise to rather realistic results.

Our model for the protein chain consists ofN ‘‘residues’’
which are treated as point vertices, connected to each o
by rigid rods. The ‘‘bond angle’’a i at the i th vertex, i
51, . . . ,N21, is fixed to be (21)ia, with a568°. The
dihedral anglesf i can take on the values of 0 and62p/3.
The state~conformation! of the system is uniquely specifie
once the numbers$f i% are given. Thus, the residues effe
tively reside on the vertices of a tetrahedral lattice.

The energy of the molecule is

E5
K

2 (
i , j

ci , j ur i2r j u25K(
i , j

r i
†Vi j r j . ~1!

If we defineQi51 for the i th vertex being occupied by
hydrophobic residue, andQi50 otherwise, we may write
ci , j5QiQj and

Vi j 5@~NH21!ci ,i2ci , j 212ci , j 11#d i , j

2~12d i , j !~12d i , j 212d i , j 11!ci , j . ~2!

The position vectorsr i of each of the vertices in the chai
can be expressed in terms of a sum over the directorsRi of
unit length representing the chemical bonds, which may
obtained from R1 by successive rotationsM k(ak) and
Tk(fk) through the bond and the dihedral angles@14#,

r i5(
j 51

i 21

)
k5 j

2

Tk~fk!M k~ak!R1, ~3!

where we may chooseR1 along any Cartesian direction i
our laboratory frame without loss of generality.

In order to investigate the relaxation properties of t
present model, we have employed Metropolis Monte Ca
dynamics. This consisted of~a! choosing a pair (i ,i 8) of
dihedral angles randomly on the chain, and incrementing
(f i , f i 8) in opposite directions byDf562p/3, ~b! accept-
ing the move with unit probability ifDE<0 and with prob-
ability p5exp(2gDE) for DE.0, ~c! checking for an alter-
native path by repeating the second step once, be
returning to the first step. Omission of this repeated t
would only change the scale ofg, which serves as an effec
tive temperature. Since the system is strongly dissipat
strict ~angular! momentum conservation is not crucial her
We monitor the relaxation of the total energy as a function
‘‘time’’ measured in the number of MC steps,@i.e., the num-
ber of pairs (i ,i 8) sampled# until a steady state is reache
typically in about 10 000 steps. The results for chains ofN
5100 averaged over 20 randomly chosen initial configu
rlo
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tions at zero temperature (g5`) are shown in Fig. 2. De-
fining e[(E2E0)/EI , where E0 is the ~time-averaged!
equilibrium energy andEI the initial value, we find that it
obeys a power lawe(t);t2s, with s50.4960.01 for the
initial stages of the decay, while later stages can be fitted
a stretched exponentiale(t);e2tb, with b50.23460.003.
We also performed simulations for different values ofg, for
chains ofN548, averaging over 100 runs with random in
tial configurations~see Fig. 3!. For g→`, g50.5, andg
50.3, the above relaxation behavior continues to hold a
the exponents do not seem to depend ong, with b.1/4 and
s.1/2, as given in Table I.

The variation of the total energy in time is sketched
Fig. 4 over a short sequence of relaxation events. Clearly
may write E(t), averaged over many independent runs,
^E(t)&5^E(0)2( i 51

M DEiQ(t2t i)& whereQ is the Heavy-
side step function andt i5(k50

i 21 tk . Taking the time deriva-
tive one gets

FIG. 2. Decay with time~in MC steps! of the energy@in units of
K/(bond length)2] of an N5100 chain from a random initial con
figuration, along a zero temperature Metropolis trajectory, of 10 0
steps, averaged over 20 runs. The late stages fit on a stret
exponential curvee(t);exp(2tb) with b50.23460.003. The ini-
tial stage~inset! is fit by a power lawe(t);t2s with s50.49
60.01.

FIG. 3. Decay of the energy of anN548 chain, along a Me-
tropolis trajectory, from a random initial configuration averag
over 100 runs forg50.3. The initial stage~inset! is fit by a power
law e(t);t2s with s50.5760.01, and the late stage to a stretch
exponential withb50.2560.03.
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^Ė~ t !&5K 2(
i 51

M

DEidS t2 (
k50

i 21

tkD L . ~4!

At zero temperature, the expectation value ofĖ(t) can be
calculated by carrying out an integration over the distibut
of waiting times$tk%, and the distribution of energy step
encountered along the relaxation path. The expecta
value,^Ė(t)& is then,

^Ė~ t !&52K (
j 51

M

DEjdS t2 (
k50

i 21

tkD L
DE,t

. ~5!

The distribution of waiting timestk is dependent only on
the configuration of the chain at thekth step and independen
of the previous waiting times. Since the dynamics is j
changing a pair of dihedral angles in opposite directions,
each conformation$f i% one may define an associated cha
of N(N21)/2 sites, with each site corresponding to a p
( i ,i 8) on the original chain. On the associated chain, a
will be assigned the value 1 if the corresponding pair ha
least one ‘‘allowed’’ move, and the value 0 if both moves a
‘‘blocked.’’ Now the probabilities of encountering allowe
or blocked moves as one implements the Metropolis dyn
ics outlined above are simply given by the density of 1’s
0’s on the associated chain at a given relaxation s
namely,pk andqk512pk . Therefore, in thekth conforma-
tion, the probability of making a transition aftertk blocked
moves simply obeys the first passage time distribution@15#,

Pk~tk!5mke
2mktk, mk[u ln qku. ~6!

Writing the d function in Eq.~5! in the Fourier representa
tion and performing thet-integrals we get

TABLE I. The exponents andb found for the power law and
stretched exponential decay of the total energy with time, for
ferent chain lengthsN and inverse temperaturesg. The fits were
obtained from a weighted least-squares computation.

N g s Ds b Db

48 ` 0.57 0.01 0.281 0.004
0.5 0.56 0.01 0.30 0.04
0.3 0.57 0.01 0.25 0.03

100 ` 0.49 0.01 0.234 0.003

FIG. 4. Schematic plot of the variation of the total energy w
time.
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^Ė~ t !&5
1

2p (
j 51

M K DEj (
l 51

j 21

)
k50
kÞl

j 21 S mk

mk2m l
De2m l tL

DE

.

~7!

We may argue that the larger the energy loss in a relaxa
event, the longer it will take for the phase point to make
transition out of this state. Sincemk is roughly the expecta-
tion for tk , we assume thatmk;1/DEk . With the assump-
tion that the energy steps encountered along a relaxation
are independently distributed, i.e.,P(DE1 . . . DEM)
5)s51

M P(DEs) for a process ofM steps, one finds,

^Ė~ t !&52
1

2p (
j 51

M

^DEj& (
l 51

j 21

I j l ~ t !, ~8!

whereI j ,l (t) is

I j ,l ~ t ![E
0

`

d~DEl !e2(t/DEl )P~DEl !

3F )
k50
kÞl

j 21 K DEl

DEl 2DEk
L

DEk

G . ~9!

We have determined from our simulations that the distrib
tion P(DEl ) ~see Fig. 5! also has the stretched exponent
form P(DEl )5Poe2(DEl )a

. The angular brackets then tak
the form

DEl E
0

`

~DEl 2DEk!
21 exp@2~DEk!

a#dDEk ~10!

which we approximate byDEl exp@2(DEl )a#. The integra-
tion in Eq. ~9! is then straightforward, leading, upon subs
tution in Eq.~8!, to

E~ t !;t(
j 51

M S j 21

j Dexp~2aj t
b!, ~11!

whereaj5 j (12a)(a j )2b(11b)21 and

-

FIG. 5. Distribution of energy differences encountered along
relaxation path are fit to a stretched exponential. Level spac
histograms were formed for chains ofN548 and averaged over 10
runs for the zero-temperature Metropolis relaxation. The expon
a of the stretched exponential is found to be 0.3960.02.
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b5
a

a11
. ~12!

Substituting the value ofa we find from our simulations,
namely,a50.3960.02, we getb50.2860.01, which is the
result we obtained from the fits to the MC simulations with
our error bounds.

A study of the correlations between fluctuations about
native state@16# for the Beads-and-Springs model, with th
H-P sequence and the contact map for the native states
seven real proteins~6lyz, 1cd8, 1bet, 1fil, 1bab, 1csq, an
1hiv! was performed by Erman@17#. Using the Gaussian
approximation@18# to the coherent scattering function and
normal mode analysis@5,6,19,20#, he also finds a stretche
exponential relaxation withb51/4. Experiments on real pro
teins and polymers@1,10–12# yield 0.2<b<0.4. Our results
seem to be closer to 1/4 and smaller than the value m
.

e

or

st

commonly found for spin-glasses@21#, namely 1/3. It should
also be noted that glassy behavior is obtained here in
absence of quenched randomness, or of frustration ari
from steric hindrances, which we do not take into accoun

Comparing the relaxation behavior near the native s
with the behavior we observe at relatively high energies
random heteropolymers, we conclude that the relaxation
havior, and therefore the dynamics and the structure of
energy landscape, are universal over a very large rang
energies, and are relatively independent of the specific
quence or the details of the dynamics.
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